The low-temperature series are calculated for the free energy, magnetization and susceptibility in the Q-state Potts model on the square lattice, using the improved algorithm of the finite lattice method. The series are obtained to the order of z 41 for each of Q = 5 − 50, and the result of their Padé type analysis is compared with those of the large-Q expansion and the Monte Carlo simulations.
Introduction
The finite-lattice method is a very efficient technique to generate the expansion series in statistical models [1, 2] and in lattice gauge theory [3] . In this method the expansion series for the free energy density in the infinite-volume limit is given by an appropriate linear combination of the free energies on finite-size lattices. The partition function of the finite-size lattices, from which the free energy of the lattices is obtained, can be calculated using the transfer matrix formalism [4] . This method avoids the problem involved in the graphical method, in which it is rather difficult to give the algorithm for listing all the diagrams that contribute to the relevant order of the series. The maximum order of the expansion series is determined by the maximum size of the lattices whose partition function can be calculated exactly to the order.
In the case of the model whose spin-variable at each site takes many discrete values, however, one can only calculate the partition function of the finite-size lattices whose sizes are relatively small and it is difficult to obtain the series to such high order as in the Ising model, in which the spin variable takes only two values. Recently one of the authors [5] proposed an improved algorithm of the finite-lattice method, which enables one to obtain higher order terms than the standard finite-lattice method in the spin systems whose spin variables take a large or infinite number of discrete values. It was applied to the low-temperature expansion for the free energy of the solid-on-solid (SOS) model and it enabled him to extend the series to the order of u 23 [5] from the order of u 12 that was obtained using the standard finite-lattice method [6] .
In this paper we apply this improved finite lattice method to the calculation of the low-temperature series for the free energy, magnetization and susceptibility in the Q-state Potts model on the square lattice. This system has the first order phase transition for Q ≥ 5 [7] . The values of the free energy, latent heat, and the gap of the specific heat and magnetization at the critical point are known exactly [8] , while the exact values of the specific heat itself and the magnetic susceptibility at the critical point are not known yet. We calculate the series to order z 41 for each of Q = 5 − 50. We can extend the series from the ones calculated previously by Bhanot et al [9] and Briggs et al [11] using the standard finite-lattice method, to substantially higher orders for large values of Q ≤ 10, and our series for 11 ≤ Q ≤ 50 have the order that is about 3 times higher than the ones given by Kihara et al for general Q and zero field [12] or by Straley and Fisher [13] for general Q
and general field. We analyze the obtained series using the inhomogeneous differential approximants and their integration. It serves to check the validity of the series obtained and of the method of the analysis used for the quantities whose values are known exactly. On the other hand, it makes a new prediction for the quantities whose exact values are not known.
In section 2, we describe the improved algorithm of the finite-lattice method for the low-temperature expansion of the Q-state Potts model on the square lattice. The series obtained by the improved algorithm of the finite-lattice method are given in section 3. We present the analysis of the series in section 4. The result of our analysis is compared with those of the large-Q expansion and the Monte Carlo simulations. Our results are summarized in section 5.
Algorithm
Here we give the improved algorithm of the finite-lattice method for the low-temperature expansion of the Q-state Potts model on the square lattice, which enables us to obtain longer series than the standard finite-lattice method. Let us consider the two-dimensional L x × L y rectangular lattice Λ 0 . The free energy density in the infinite-volume limit is given by
with
where the integer variable s i at each site i of Λ 0 is restricted to 0 ≤ s i ≤ Q−1. The low-temperature series is calculated with respect to the expansion parameter z = exp (−β). We take the boundary condition that all the variables outside Λ 0 are fixed to be zero. We consider the set {Λ} of all two-dimensional rectangular sub-lattices of Λ 0 . The sub-lattice Λ is denoted by its size l x × l y and its position in Λ 0 . We define a set of integers ξ q that consist of 0 and (q − 1) integers among the set of integers {1, 2, . . . , Q − 1}. We define the H of Λ and ξ q as
In the calculation of the partition function Z(Λ; ξ q ), the variable s i at each site i inside Λ is restricted to be one of the elements of ξ q , and all the variables outside Λ are fixed to be zero. We define W of Λ and ξ q recursively as
Here the prime in the summation ′ implies that the W (Λ ′ = Λ; ξ q ′ = ξ q ) should be excluded in taking the summation. We note that the H(Λ; ξ q ) and W (Λ; ξ q ) depend on the size of Λ but not on its position and depend on the value of q but not on the details of the elements of the ξ q . So we denote them as H(l x × l y ; q) and W (l x × l y ; q), then we can rewrite Eq. (4) as
We know
Taking the infinite-volume limit we obtain
The magnetization M and susceptibility χ are given from this free energy density, by
and
In the practical calculation we introduce the variable x ≡ exp (h) − 1 [14] , then ∂ ∂h
and it is enough to evaluate the expansion series for the free energy density to the second order in x in order to obtain the zero-field magnetization and susceptibility.
In the standard cluster expansion of the free energy [15, 16] for this model, a cluster is composed of polymers and each of the polymers consists of the excited sites that are connected by nearest-neighbor bonds. An integer value s i ∈ {1, 2, . . . , Q − 1} is put to each excited site i of the polymer. For each cluster we can define the subset of the set {1, 2, . . . , Q − 1} so that each element of this subset is found to be put on at least one of the excited sites of all the polymers the cluster is composed of. Then we can assign to the cluster an integerq so that (q − 1) is the number of the elements of the subset. We can prove [3] that the Taylor expansion of the W (l x × l y ; q) with respect to z includes the contribution from all the clusters of polymers in the standard cluster expansion that haveq = q and that can be embedded into the l x × l y lattice but cannot be embedded into any of its rectangular sub-lattices.
So the series expansion of the W (l x ×l y ; q) starts from the order z n(lx,ly,q) with n(l x , l y , q) given in the following. It is enough to consider only for l x ≤ l y . We first define k ≡ [(q − 1)/(l x l y )], where we denote [p] as the maximum integer that is less than p. In the case of k = 0 ( namely q − 1 ≤ l x l y ), the cluster that contributes to the lowest-order term of the expansion series of the W (l x × l y ; q) consists of a single polymer. We know in this case that
Examples of the clusters that correspond to these two cases in Eqs. (12) and (13) are presented in Fig.1 (a) and (b), respectively. In the figures the integers denote the excited spin variables at the sites and the solid lines represent the excited bonds. In the case of k ≥ 1 ( namely q − 1 > l x l y ), the cluster that contributes to the lowest order term is composed of k + 1 polymers, among which a polymer consists of q ′ ≡ q − 1 − kl x l y sites and each of the other k polymers consists of the l x × l y sites. Then if
where
Examples of the clusters that correspond to these two cases in Eqs. (14) and (15) are presented in Fig.2 (a) and (b), respectively.
Example of the cluster that corresponds to Eq. (16) is presented in Fig.2 (c) . To obtain the expansion series to order z N , we should take into account all the combinations of l x , l y and q that satisfy n(l x , l y , q) ≤ N in the summation of Eq. (7) and should evaluate each of the W 's to the order of z N .
We should stress that the improved algorithm described above enables us to calculate the series for large Q that is substantially longer than the case when one would apply the standard finite-lattice method naively [9, 11] . In the latter case one would definẽ
andW
for the rectangular l x × l y sub-lattice Λ. Here the variable s i takes all integer values 0 ≤ s i ≤ Q − 1 for each site i ∈ Λ in the calculation of the partition function Z(Λ; ξ Q ). Then the free energy density in the infinite-volume limit would be given by
The series expansion of thisW (l x × l y ; ξ Q ) starts from the order of z 2(lx+ly) . The clusters that give the contribution to this order are the clusters consisting of a single polymer, an example of which is depicted in Fig.3 . So for the series expansion to order z N , one should take into account all the rectangular lattices that satisfy 2(l x + l y ) ≤ N in the summation of Eq. (19) . The improved algorithm might appear to be more complicated than this standard algorithm, since the former involves the summation with respect to q as well as the summation with respect to l x × l y . The CPU time and memory for evaluating the partition functions of the finite-size lattices needed to obtain the series to the same order are, however, much smaller in the improved algorithm. In order to obtain the series to z 41 , for instance, we should calculate the partition functions up to the lattice-size of 10×10 either in the standard algorithm or in the improved algorithm. In the standard algorithm, the partition function with q = Q is needed for this maximum size of the lattice. On the other hand, in the improved algorithm the partition function with q = 2 is enough for this size of the lattice.
Series
Using the improved algorithm of the finite-lattice method described in the previous section we have calculated the low-temperature series for the free energy density f , magnetization M and susceptibility χ in the zero field for the Potts model on the square lattice to order z 41 for Q = 5 − 50. The obtained coefficients are listed in Table 1 and 2 only for Q = 20 and 50, where we give the series for z = exp (f ) instead of the free energy density f , as well as the series for the magnetization and susceptibility. If the reader would like to know the coefficients for the other values of Q, he can get them from the authors by e-mail or from the authors' web-site. [10] The calculation was performed by FACOM-VPP500 at KEK (Tsukuba) and FACOM-VP2600 at Kyoto University Data Processing Center. The maximum size of the used main memory was about 500Mbytes. We have checked that each of the W (l x × l y ; q)'s in eq. (7) starts from the correct order of z n(lx,ly,q) described in the previous section. The series were obtained previously using the standard finite-lattice method by Bhanot et al [9] to order z 25 for Q = 8 and by Briggs et al [11] to order z 39 , z 39 , z 39 , z 35 , z 31 and z 31 for Q = 5, 6, 7, 8, 9 and 10, respectively. The series were also calculated by Kihara et al [12] to order z 16 for general Q and zero field and by Straley and Fisher [13] for general Q and general field to order z 13 using the graphical method. The series coefficients obtained here by us are consistent with the coefficients obtained by these people to their order.
We note that in the standard finite-lattice method the maximum order of the obtainable expansion series reduces when one increases the value of the Q, while the improved algorithm enables us to calculate the series to the same order for all the Q that are larger than or equal to some value. In fact, we can calculate the series to the order of u 41 for an arbitrarily large Q(> 17) using the W (l x , l y ; q)'s that have been evaluated here to obtain the series to order u 41 for Q = 17, although we have stopped it at Q = 50. This can be understood by noticing from Eqs. (12)- (16) that the series expansion of the W (l x , l y ; q) for arbitrary l x , l y and q with q > 17 starts from the order that is higher than z 41 and does not contribute to the expansion series to the order of z 41 .
Analysis of the series
The Q-state Potts model with Q > 4 has a first-order phase transition. For the first-order phase transition, some important quantities, such as the susceptibility and specific heat, have finite values at the critical point, in contrast with the fact that these values are infinite for the second-order phase transition.
The infiniteness of the critical value for the second-order phase transition sometimes makes the analysis easier; if the physical quantity would have a strong singularity, we would be able to determine the critical exponent with a satisfactory accuracy by the differential approximations such as the Padé analysis.
On the other hand, in the case of the first-order phase transition, we have to integrate the differential approximants to determine the critical amplitude. This integration, however, has a subtle problem discussed below, and as a result, we must choose the approximants carefully.
In analyzing the expansion series, we use homogeneous or inhomogeneous first order differential approximants [17] , in which the approximants to a function f (z) satisfy
Here, Q 1 (z), Q 2 (z) and R(z) are polynomials of order M 1 , M 2 , and M , respectively, which are determined so that Eq. (20) is satisfied to the order of z N with N the maximum order of the expansion series of the f (z). If R(z) is identically zero, the approximant is just the D-log Padé approximant.
To obtain the value of f (z) at the critical point z = z c , we must integrate the function f ′ (z) = {−Q 2 (z)f (z) + R(z)}/Q 1 (z) from 0 to z c . For the first order phase transition, the denominator Q 1 (z) of f ′ (z) has in most cases a zero close to the critical point. The zero point is usually slightly above the critical point on the real axis of z. It is sometimes, however, below the critical point, then the integral of f ′ (z) will diverge and we should abandon such an approximant. Even if the zero point is above the critical point, it is so close to the critical point that its subtle fluctuation makes the fluctuation of the critical value f (z c ) rather large.
At first, in order to examine the accuracy of the analysis of the series described above, we apply it to the free energy density f c at the critical point (z c = 1/(1 + √ Q)), the latent heat ∆U and the magnetization gap ∆M , whose exact values were obtained by Baxter [8] . In Table 3 the estimates of the free energy density, latent heat and magnetization gap from the longest series (N = 41) are presented for Q ≥ 7, and their exact values are in parentheses. These estimates obtained by the analysis of the series may contain errors by two reasons; One of them is the statistical fluctuation among the approximants with the different orders M 1 , M 2 and M of the polynomials Q 1 (z) and Q 2 (z) in Eq. (20) but with the same order N of the original series. About these statistical errors we find two common tendency; i) If the order M is too large, the convergence of the approximants is not so good, and if the orders M 1 and M 2 are too small, the integral of f ′ (z) diverges frequently, therefore we restrict the order M to be M = −1 (D-log Padé approximant) or M = 0 -6 (inhomogeneous differential approximants) and the orders M 1 and M 2 to satisfy |M 1 − M 2 | ≤ 10. ii) For smaller Q, some approximants are finite at the critical point but apparently far from the exact value, then we must exclude them. We present only the statistical errors in Table 3 . The other error is from the finiteness of the series. If there is discrepancy between an estimate for the finite series and the corresponding exact value beyond the statistical error for each N , we may say that the discrepancy is caused by the finiteness of the series and the error arising from the finiteness of the series has the order of magnitude of this discrepancy. Now, we present the result of the individual analysis for the free energy density, the latent heat and the magnetization gap.
For the free energy density f c , both the inhomogeneous and homogeneous differential approximants give well-converged results, the latter converging more excellently. The data in Table 3 are from the latter. For Q > ∼ 30, the estimates from the D-log Padé approximants agree with the exact value within one standard deviation. On the other hand, for Q < ∼ 20, the estimates are larger than the exact value, and do not agree with it within one standard deviation. As an example in Fig.4 , we present a plot of the estimates for Q = 20 versus the number N of terms of the truncated series. The difference between the estimates and the exact value is about 0.01 percent while the fluctuation of the approximants is about 0.005 percent, the former is about 2 times larger than the latter. The ratio of the difference between the estimate and the exact value to the statistical fluctuation becomes larger for smaller Q. Nevertheless, the figure also exhibits the tendency that the difference between the estimates and the exact value decreases with the increase of the number of terms. (We should mention that the errorbars for 35 ≤ N ≤ 38 are relatively small. It is because, for these N , some approximants have divergent integral of f ′ (z) and the remaining fewer approximants happen to be very close.) Therefore, this difference can be expected to shrink for longer series. It would, however, be difficult to extrapolate the data to N → ∞ to estimate the exact value, if it were not known, since we do not know what asymptotic behavior the approximants should follow with respect to N .
For the latent heat, the inhomogeneous differential approximants give more convergent results than the D-log Padé approximants, in contrast with the case of the free energy density. Then, by using the inhomogeneous differential approximants, we can obtain about 60 estimates of the latent heat for each model with Q ≥ 7. For Q > ∼ 40, the estimates coincide with the exact value within one standard deviation. For Q < ∼ 30, although the estimates do not agree with the exact value within one standard deviation, we find that their difference becomes smaller for larger number of terms of the expansion series and so we can say that the difference would disappear for long enough series, as in the previous case of the free energy density.
For the magnetization gap, about 10 estimates obtained by the D-log Padé approximants converge well for each Q, while those obtained by the inhomogeneous differential approximants do not. Although it does not agree with the exact value within one standard deviation except for Q ≃ 50, the estimates themselves are very close to the exact value; for example, in the case of Q = 20, the difference between the estimates and the exact value is about 0.015 percent. Further Fig.5 shows that the differences would disappear for larger number of terms as well as in the case of the free energy density and the latent heat. Now using the same method as the above, we estimate the values of the susceptibility and specific heat at the critical point, whose exact values are not known. The behavior of the differential approximants for the susceptibility is like that for the magnetization gap. The D-log Padé approximants for the susceptibility show better convergence than the inhomogeneous approximants, although the errors of the estimates for the susceptibility are larger than those for the magnetization gap. The estimates from the longest series (N = 41) are listed in Table 4 , and our estimates for 7 ≤ Q ≤ 10 are consistent with the estimates obtained by Briggs et al [11] . For Q = 10, 15, 20, Monte Carlo estimates are given by Janke et al [23] . As their definition of the susceptibility is different from ours in the normalization factor, the results in Ref [23] should multiplied by a factor of {q/(q − 1)} 2 to fit into our definition. The estimates obtained from Ref [23] . Although there are differences over one standard deviation, which are especially large for Q = 10, we may expect that the differences would disappear for larger Q.
For the specific heat, the estimates obtained by the D-log Padé approximants give well converging results, while the inhomogeneous differential approximants do not. We list the estimates from the longest series (N = 41) by the D-log Padé approximants in Table 5 . The errors of the estimates for the specific heat are smaller than those for the susceptibility. Nevertheless, our estimates for 7 ≤ Q ≤ 10 are inconsistent with the estimates obtained by Briggs et al [11] . Therefore we should check the validity of our approximants in some way.
Fortunately, by the duality relation [8] , we can obtain the exact value of the gap of the specific heat as follows [8] ;
In Table 5 , we also list the estimates of the gap of the specific heat, where the specific heat C + v is calculated using the high-temperature expansion series obtained from the low-temperature series by the duality. It is clear that for Q ≥ 11 there exists the gap of the specific heat and more over almost all the estimated values of the gap of the specific heat coincide with the exact values given by Eq. (21) within the standard deviation. Therefore, we convince the validity of our estimates for the specific heat.
Finally we compare our estimates of the specific heat at the critical point with the estimates obtained from the large-Q expansion series that was recently obtained by Bhattacharya et al [18] , and with the ones obtained from Monte Carlo simulations [19, 20, 21, 22, 23] . In Table 6 , we show our estimates of the specific heat again and the estimates obtained from the large-Q expansion series and the Monte Carlo simulations. For Q = 7, 8, 10, 15, 20, 30 , the values of the estimates from the large-Q expansion are sited in Ref [18] , the others are calculated by the regularized logarithmic Padé approximants given in Ref [18] . Among the Monte Carlo results those of Ref. [23] have small statistical errors and they are consistent with the results of the large-Q expansion for Q = 10, 15, 20. Our estimates from the low-temperature series are systematically smaller than the estimates from the large-Q expansion. In Fig.6 and 7, we present a plot of the estimates of the specific heat C − v for Q = 20 and Q = 50, respectively, versus the number N of the terms of the series truncated. We can see that the estimates are approaching the result of the large-Q expansion from below for each Q and that they approach faster for larger Q. Thus we can expect that, if we extrapolate the estimates in some way to N → ∞ for each Q, we would obtain the estimates that may be more consistent with the result of the large-Q expansion, although we do not know how to make the extrapolation correctly, as mentioned above.
Summary
We obtained the low-temperature series for the free energy, magnetization and susceptibility of the Potts model on the square lattice.
Using an improved algorithm of the finite lattice method, we extended the series from those given by the standard algorithm of the finite lattice method. Our improved algorithm is more efficient for the higher-state Potts models.
Using the new series, we calculated the critical values of the free energy density, latent heat, magnetization gap, susceptibility and specific heat.
The estimated values of the former three are very close to the known exact values. The values of the latter two, which are not known exactly, are obtained for various Q with high precision. Especially, the estimates of the specific heat are very close to the estimates from the large Q expansion series. Table 2 : The low-temperature expansion coefficients for the free energy, magnetization and susceptibility for the Q = 50 square lattice Potts model. 
